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SYMMETRIZATION OF DISTRIBUTIONS AND ITS APPLICATION. II:
LIOUVILLE TYPE PROBLEM IN CONVOLUTION EQUATIONS
BY

KUANG-HO CHEN

ABSTRACT. The symmetrization of distributions corresponding to a bounded
n — 1 dimensional C*-submanifold of a C*-manifold is constructed. This device
reduces the consideration of distributions in R” to the one of distributions in R",
i.e. the symmetrized distributions. Using the relation between the inverse Fourier
transform of a symmetrized distribution and the one of the original (nonsymmetrized)
distribution, we determine the rate of decay at infinity of solutions to a general con-
volution equation necessaty to assure uniqueness. Using a result in the division
problem for distributions, we achieve the following result: If u € C(R™) is a solu-
tion of the convolution equation S * u = f, f € D(R™), with some suitable S € §'(R™),
then u € D(R?), provided u decays sufficiently fast at infinity.

0. Introduction. The purpose is to solve the Liouville type problem in the con-

volution equations

(0.1) Sxu=f, [eDRM,

for some class of S € &'(R"), i.e. what kind of decay of the solutions z € CO(R")
at infinity gives u € DR™) or gives unique solution of (0.1). Here D(R") and
&(R™) are spaces of C?(R") and C*(R") functions with the L. Schwartz topology,
respectively; D'(R?) and &'(R™) are the corresponding conjugate spaces (see [9],
(11]-{13], [18], [23], [24] or [26]). About the existence of solutions of equation
(0.1), we can see papers of Leon Ehrenpreis ([41-[8]), Lars Hérmander ([15]1-[18]),
B. Malgrange [22], M. L Vi3ik and G. L. Eskin ([28] and [29]), or Z. ZieleZny
([30] and [31]). The above two questions are solved in Theorems 3.2 and 4.4. As
consequences from the corollaries of the two theorems, we have the corresponding
results about the Liouville type problem for partial differential equations in [3],
[14] and [20). To solve the problem, we extend the idea in [3] of the symmetriza-
tion of distributions corresponding to an » — 1 dimensional bounded C*-manifold
which has no boundary and is imbedded in R™ to the one corresponding to a bounded
C*-submanifold of an » — 1 dimensional C*-manifold imbedded in R” (in $1). we
also derive the properties, which are parallel to those in [3], characterizing a symme-

trized distribution and its inverse Fourier transform (see § 2).
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Essentially, the consideration of the Liouville type problem for (0.1) with [ #
0 and with S € @k, k> 0 (i.e. Theorem 4.4) concerns the division problem which has
been solved in different fields, expecially by Leon Ehrenpreis in [4]-[8] and by
Lars Hoérmander in [15], [16] and [17]. We make use of the results, in particular, in
[7] and [18]. The author wants to express his thanks to both of them.

The author would like to express his sincere acknowledgement to Professor H.
Toda because of his continuous encouragement, Dr. R. P. Boas and Avner Friedman
because of their helpful advice, and Dr. J. R. Foote, his chairman, because of his
kind help and of the assistance given to the author.

1. Symmetrization of distribution corresponding to a smooth manifold. Denote
by K the class of functions f € C*(R™) satisfying the following two conditions:
(i) The null set, N(f) = {£ € R™: f(£) = 0}, of [ is nonempty;
(ii) grad f(£) £ 0 for each & € N(f).
For such a function [, we have the Inverse Mapping Theorem recalled as follows:

Theorem 1.1. Suppose ar £ € N(f),
3/({)/6§j #0 for some j, 1<j< n

Then there is a C™-diffeomorphism t = (§), defined by t = (&) and t' = & with
!

t = (tl,... sl e
ball B‘(fo)"(éo) with t(£,) as the center and €(&,) as the radius. Moreover, its
inverse mapping & = £(t), defined by fj = {"’.(t), & =1t', is also a C*®-diffeomorphism.

. ,tn), which maps a neighborbood U in R" of 60 onto a

Hence N(f) is a C*-manifold and the volume element d€ in R™ canbe expressed

as
9 (&) -1
d¢ = O e di=dS (Ndg on Byg ) )
where

-1
dt' when t.=[(£)=q.
§=g’<t)> * f€) -1

i

ds q(t) = <af—(§—)

In general, for any £, € N(f), we have d¢ = dS, - dq, with |q| < e(£), for all £ €
Ug v We call dSq the surface element of N(f — q). Here N(f — q) ={£ e R™:f(§) = ¢},
q €RL

Let b = (bl, ce ,bn), b, > 0, be a positive finite vector. Denote by G, the rec-
tangular set

G,=1 eR™ |{]<b, i=1,-..,n}.

Then N(f) # @ means there is a sufficiently large vector b > 0 such that N(f) N
G b # @. By the Inverse Mapping Theorem, for fixed b > 0, there is a neighborhood
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U'f of & for each £ € N(/) N Gb on which C® local coordinates exist. Let ?b be
the-union of all such neighborhoods U, EeNNNG,;

5, = U u.

£eN(HNG,

Define N,(f — q) = N(f - ¢) n F., where ..Tﬂ, denotes the closure of ?b' Then using
the arguments in the proof of Lemma 1.1 in [3], we have

Lemma 1.1 For each [ € X with sufficiently large nonnegative finite vector
b, there is a number € > 0 such that N,(f — q) is a C*-manifold for each q € [~ ¢, €.

Denote by Ub ¢ the interior of U|q|<6 N (/ q). If €> 0 is small enough, by
the Heine-Borel Theorem, there is a finite number of points, say fo, in
U|q|<‘ N (f - q)\Ub ¢ and a neighborhood Ufl of each ff) corresponding to the

disk B (e
that {U } forms an open covering of U|q|<€ Ny (f - q)\U ¢ Vith this 8, let

which satisfy Theorem 1.1 with some sufficiently small & > 0, such

U Ni- q>\u v, 4o
i 0

|q|<6/3

be denoted by W, PR Similarly, there is a'finite number of points g in
v, e\U Uf' and a set of neighborhoods Uf

covering of Ub e\U U . Hence, {U } Y {Uf } forms an open covetmg of ?
Define

j of & such that {U ;} forms an open

€ =; LIJ U§i§n Uy, er23

from this definition it follows that N, f—a)=N(f-¢g)n Vb ¢isaC -mamfold for
each g € [~ ¢, €], and the three open sets Wye.50 Vi,e Uy satisfy W, ¢ W, sC Vy.o
V, . C U, ¢ Let X, X, be two functions in %(R™ such that 0< <XsS1,xg=1
on W b5 Supp x, CV, b and such that 0< x; <1, x;=1 on Vb,e and Supp x,; C
Ub,e’
Definition 1.1. For each ¢ € L, (R"), set

f N )X PNDES (@) if |q] <e,
b

0 if |g|>e€;

x PG E) if Eeu,

0 if€dU, .

$P*)q) =

¢0'(b )(é') =



182 KUANG-HO CHEN [September

We call ¢ ®) the symmetrization of ¢ corresponding to the manifold Nbei (in the
function sense). For any distribution T € D'(R™) with Supp T C V, o we define the
symmetrization T ®) of T corresponding to the manifold N,(/) as follows:

(T9®), ¢) = (T, $°®)), & e DRM).

The arguments in the proof of Lemma 1.1 in [3] are similarly applicable here to
show that the above definitions are meaningful. Further, since x, =1 on Supp T,
the definition of T%(®) is independent of the choice of X

The symmetrization defined here corresponds to a bounded C*-submanifold

N b(/ ) of the C™-manifold N(f). This idea is more general and practicable than the
definitions of symmetrization in [3], in which the manifold N(f) needed to be bounded.
Definition 1.2, Let the Dirac-measures (Dbb‘)b(/) on N,(f) be defined as follows:

((D*8),(f), #) = (D8, 7®)), ¢ € D(R™),

where & is the Dirac-measure in Rl
With the change in the corresponding notation in the proof of Theorem 1.1 in
[3], we have

Theorem 1.2. Let v be a distribution with support contained in N,(f) with [ €

o(b)

K. Then its symmetrization v corresponding to N,(f) is a linear combination

of Dirac-measures on Nb(/)

. Y

PO T 0P, with ¢, = S
!

0<h<n !

(v, xl/b).

2. The Fourier transform of symmetrized distributions.

Definition 2.1. Let € be a class of all the distributions S € &'(R”) such that
their Fourier transforms $ belong to K, thus satisfying the conditions (i) and (ii); let
@k’ 0 <k <n, be a subclass of € consisting of all S € € which satisfy the condi-
tion ;

(iii) At each point of N(§) at least k& of the n — 1 principal curvatures of the
manifold N(§ ) are different from zero.

Since S € &'(R") has compact support, §(£) can be extended into an entire
function §(&+ in), and then the above definition is meaningful. From the defini-
tions of () in [3], the main difference between €, and (7,) is the requirement that
N(P) is bounded if P € (rrk). Incidentally, (rrk) is a proper subclass of @k for each
k and there is at least a polynomial in €, for each n> k> 0.

With arguments similar to those in the proof of Lemma 2.2 in [3], we have

Lemma 2.1. For every S €€, , n> k> 0, and for each sufficiently large posi-

tive vector b, there is an € > 0 such that for each |q| < ¢, Nb(§ — q) satisfies the
condition (iii).
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Let the constant € > 0 satisfy the assertions in Lemmas 1.1 and 2.1 and let
E,(x, &)= x4 (£)ei*"€. Then for each x € R™, we have defined Ep(b)(x, ) and the
symmetrization Ej (b)(x, ) of E,(x,-) corresponding to the mamfold N (9

For a given unit vector w € R" and fixed number g, |g| < ¢, there are finite
number of points p (g, ®) on N_b(§ — q) at which the normal of N b(§ - q) is  pro-
vided £k =n — 1, In case 0< k <n — 1, the situation is no more true. There is a
compact set A of points on N b(§ — q) satisfying the property if @ is in the direc-
tion of the normal of ﬁ;(f — q) in A. By the Heine-Borel Theorem, there are finite
number of points b; with small neighborhoods U]. which form a covering of A. By
partition of unity, there are ¢, € Cy (R™), 0< $; <1, supp $; CU; and pX ¢, =1
on A. Let us denote by d+(p].(q, ®)) and d_((4, ®)) the number of the positive and
the negative corresponding principal curvatures, respectively. We want to remark
that, in case 0<k<n -1, U]. can be chosen such that d+(p].(q, w)) and d__(_p].(q, ))
depend only on U]. and are independent of the choice of p].(q, o) € Uj. The details
appear in the appendix.

Theorem 2.1. With sufficiently small number € > 0, for each q, |q| < €, and
unit vector w € R™ in the direction of the outward normal of N at points in NS

N Supp X, where the number of nonzero principal curvatures is k,

EP®)(|x|w, q)

_ l -1 k/2
‘(2"" )

d,(p.(a, d_(p(a, ©)) ,
x 2@+ Dy i C,, 4, Wexplip g, o - w|x[}

+ O(|x|_(k+l )/2),

with some C_ (q, ®), which is lK(p (g, )|~ 1/? when k =n— 1, where the sum-
mation is a /mzte sum and K(£) is tbe Gaussian curvature of N(.ﬂ at £,

Lemma 2.2 Let S € @: with the largest k and let W (x, y) be the inverse
Fourier transform ¥= I{Ea(x, Ny) of E9®Xx,). Then /or a sufficiently small
number ¢ > 0 satisfying the assertions in Lemmas 1.1 and 2.1,

€
W, y) = £ EQ 9)ELL, 9)dg
and, for any integer p > 0,

Wy (Ixlo, lylo’) = O(|x| ==~ 2|y|P=R/2[|x] 4 |y|]-1)

when (|x|w, |ylw’) — = in the direction (0, w'). Here w, ' are any pair of unit
vectors in R™ if k=n — 1 and are a pair of unit vectors in Q, which is Qq) in
Theorem 1.2 which is independent of q with |q| < ¢ if k<n — 1.
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With arguments similar to those in the proofs of Lemma 2.1 and Theorem 2.1 in
[3], we have the result. Using arguments similar to those used in the proofs of

Theorems 3.1 and 4.1 in [3], we have the following two theorems.

Theorem 2.2 With S €€, k>0, let v be the Fourier transform of a distribution
u € D'(R™) with support contamed in Wb €5 Then the inverse Fourier transform u,

of the symmetrization v7 (&) correspondmg to N (S) can be expressed in the form
uy@) = o dIW, G D dy.

Here W (y, x) is as in Lemma 2.2 and W ¢ s is constructed in Definition 1.1 with
f=38 with small ¢>0 and 8> 0.

Theorem 2.3. Let the support of the Fourier transform v of a.distribution u €

D(R™) be contained in N (S) S €8, with largest k (0 <k <n) and let u, be the
inverse Fourier trans[orm of the symmetrzzatzon v ®) of o corresponding to N (S)

Then when x — oo,
u,(x) = O(|x|=?)  uniformly in direction,

u,(|x|w) £ 0(|x|~%) for some unit vectors w, if k=n~—1,
for some d < k/2, provided u, # 0; on the other hand, when x — oo,
u, (%) = olx|"~1=2=8) if u(x) = o(|x|7®), > 0.
Lemma 2.3. Under the conditions of Theorem 1.3, we have u(0) = u,(0).

Indeed, its proof is in the proof of Lemma 6.1 in [3].

Remark. Since the arguments in the proofs of Theorems 2.2 and 2.3 are not
applicable for the case & = 0, especially in the concerned integrations, we exclude
the case in the statements. On the other hand, there are some special geometric

meanings for this case. We will discuss it in the next paper.

3. An application of the symmetrization. Since the convolution of distributions
possesses a very nice property (3.2) about translation in coordinates, we are

discussing the translation invariance of solutions to convolution equations

(3.1) Sxu=0.

With n € R” and any function u, we denote by 4, the translation of # by 7
defined as « (f) =u(é -

Defmmon 3.1. Let T € fD'(R") be a distribution. Define its translation T, by
7 € R" as follows: (T , @) = (T, qS ), ¢ € D(R™).

Then if « *v is well defined for two distributions # and v in @'(R") we have

(3.2) un*v=(u*v)n=u*vn.
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Lemma 3.1. I/ S € &'(R") and if u € D'(R") is a solution of the convolution
equation (3.1), then its translation u_ with any 7 € R® is a solution of the equa-

tion (3.1).

n

Proof. It is well known [9] that T *8=T =8 *T, T € D'(R?). Then by com-
pactness of Supp 577 and Supp S, (3.2) yields

S*un=[5*5]*un=5n*[S*u]=5n*0=0, n € R™.

Hence for each n € R”, u_ is a solution of (3.1) if # is. This completes the proof.

mn
By this lemma, we want to discuss a uniqueness property of homogeneous convolu-

tion equations (2.1).

Lemma 3.2 Let S ¢ @n—-l be a distribution and u be a solution of the convolu-
tion equation (2.1). Then u=0 if u(x) = ol|x|~%) with d > (n — 1)/2 when x —» oo,

Before proving the lemma, we recall some properties from Avner Friedman [9]
about convolutions which are needed later.

Definition 3.2 Let ® denote the topological space either &R”) or D(R™) and
@' denote its conjugate space. We say that a distribution u € ®' convolves with ®
if, for any ¢ € O, u *xp(x) = u *¢_ . = (uly), #(y + x)) belongs to ® and the mapping

¢ — u *¢ is a continuous mapping from ® into P.

Theorem 3.1. Let glx), h(x) be functionals in &'(R™) of function type and
suppose that g convolves with SR™) and that the classical convolution g ®hb
exists as a function k(x) in &'(R™). If

fRn fR" |5(x)gly —x)p(y)| dxdy < + oo
for all ¢ € SR™), then the convolution g *h in the distribution sense is just g ®h.

Proof of Lemma 3.2, Taking the Fourier transform on both sides of the con-
volution equation (3.1), we have § - 2 = 0. Then Supp @ C N@). For any sufficiently
large finite nonnegative vector b, let K, € D(R™) be a function such that 1> Ky >0,
Supp &, C W, ¢, 5 which is constructed in $1. Hence

(3.3) § . (ak,) = 0.

Let v, and «, be the inverse Fourier transforms of z?;?b and Eb, respectively.
Therefore vy = u*Ky, and by (3.3), v, is a solution of the convolution of (3.1).
Theorem 3.1 implies u *k, = u®«k,. Then by «, € S(R™), when x — o, v, (x) =
o(|x|=9). Let 47®) be the symmetrization of ¥, = 4k, corresponding to the mani-
fold Nb(f) and u, be its inverse Fourier transform F-142°®%, Hence Theorem
2.3 implies #,(x) = o(|%|"~1=%#=9) when x — oo} on the other hand, if uy # 0,
uy(x) = 0(|x|~%) and u,(x) # ollx|7®), b< (n — 1)/2, when x — . Since d >
(n-1)/2, n—1—-k—-d<—(n-1)/2<—b. Hence u, = 0. Lemma 2.3 yields
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v,(0) = #,(0) and then v,(0) = 0. Therefore this and Lemma 3.1 imply v,(x) = 0 for
any x € R” and any large b. Thus uz = 0. This completes the proof.

All the previous discussion from $1 is a kind of preparation to prove the con-
sequences we will get here, although each of the preceding results has its own
interest. We discuss now the uniqueness problem.

We consider the distribution S € &'(R™) satisfying the following two conditions:

(I) There is a factor ® of § such that N®) £ &.

(I) For each irreducible factor ® of § such that N®) £ &, O € @"_1.

Theorem 3.2 The function u = 0 is the only solution, in the distribution sense,
of (3.1) such that u € C(R™) and u(x) = o(|x|~%), d> (n — 1)/2, when x —» oo,

Proof. Since S € &'(R") means Supp S compact, its Fourier transform § is an
entire function of finite exponential type. Then we can write § in the form § =
So H1<j<’ [Sj]'j, r > 1; and therefore

*

T.
(3.4) S = SO * H [S]]*]
1<$i<r
where
[S,.]rj ES]. - S]. with g factors,
E3
r. 14 r
I1 [S]-]*I E[Sl] Lok [Sr] i
1< <r

S € @k , 0< k <my j=1yeee,r, with N(f}) distinct from each other; k =
mml( i<y k and Sy € &'(R") with N(§ ) @. Taking the Fourier transform on both
sides of the equanon (3.1), we have §.4 = 0. Hence Supp 2 C N(S). Assume u #£0,
then Supp # # @. There is a sufficiently large finite nonnegative vector b = (bl’

-»b,) such that Supp Z NG, # & Let the function «, € D(R™) be with support
in Gy, ,e>0, 1>&, >0 and k, =1 on G,. Then with &, € NR") as the inverse Fourier
transform of K, we have §. 4k, =0 and § *v, = 0 with v, = u *k,. Since v, =
iR, € D(r"), v, € S(R™). And by Theorem 3.1, u ® Ky = u *k,. From the approxi-
mation in the integral expression of u *k,, by u € C(R"), we see that v, (x) =
o(|x|=%) when x — o,

(Remark. If N(S) is bounded, i.e. N(Si) are bounded, j=1,...,r, then we choose

the b so large that N(S) C Gb’ Therefore we can see that vy =4 and the argument
up to now is not necessary.)

On the other hand,
S*Ub=3:—1{3 (2K );
-1 1A A~
=F-US, . SIR) - ab=S, «f
with §' = §/§ (it makes sense, since $1 and S, are entire functions) and f=

¥ '11(5 'R ) u} Then since the Fourier transform / of { has compact support and
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is in &'(R™), f(x) is an analytic function; moreover, f(x) is a solution of S */ =0,
5. €€ _ .. However, f= (§r' R,)- . Since the inverse Fourier transform §r' of S| €
&'(R") is analytic on R , §r' K, belongs to D(R™). Hence with the same arguments
for vy, f(x) = - l{fr' Ry} *ulx) and f(x) = o(|x|~9) when x — oo. Further, d>n —
1-(n—1)/2>(n—1)/2. Lemma 3.2 yields f=0.

Eventually we arrive at

S!wv, =FMS! R} =F-NCS'z,) - a}=7=0.

Repeating the above arguments, 215;’51 i times, we conclude vSo *v, = 0. But

by taking the Fourier tranform on both sides, Supp ;b C N(So) = &; that is,

Supp (@R,) = & for any finite nonnegative vector b. This contradicts Supp # # @. Hence u=0.
Remark. If we let S = P(D)3, D= - id/dx, as an application, with differen-

tial polynomial P(D), we see that the conclusions of Theorem 3.2 are just for partial

differential equations. And all the corresponding results in Walter Littman [20]

and K. Chen [3] follow from them.

4. Liouville type problems. We want to consider the problem: What kind of decay

at infinity for a solution u of the convolution equation

(4.1) Ss«u=f, [eDRY,

gives u € D(R™) for some S € D'(R")? This shall be answered by a criterion appear-
ing later, which, as we mentioned in the Introduction, essentially reduces to a form
of the division problem (see [4] to [8] by Leon Ehrenpreis, [16] and [17] by Lars
Hérmander).

For the need in the proof of the criterion, we give some preliminary preparation
here. Using the usual definition (see [2]) of an irreducible function with 7 variables,
we see that the proof of a result in F. Tréves [25, p. 107] (or [3]) gives the follow-
ing extended

Theorem 4.1. Let G be an irreducible entire function in the class K and V be
the set of zeros of G(z) in C". Let F be an entire function on C™.

Assume that the function F/G defined in C® — V can be extended, as a holo-
morphic function, to an open set ) intersecting V; then F/G can be extended to

C™ as an entire function.

We recall, further, some idea from Leon Ehrenpreis [7] (see also [17]) as follows:

Definition 4.1. Let S € &'(R™); then the function § is called slowly decreasing
if there exists a positive number a such that for each point ¢ € R® we can find a
point 1) € R” satisfying |£ - 7| < alog (1 + |£]) and |S(5)| > (a + |9|)~%. The dis-
tribution S is then called invertible.

Theorem 4.2 (Leon Ehrenpreis [7]). The following two properties for S €
&'(R™) are equivalent:
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(a) S is invertible.
(b) For any entire function G, if the inverse Fourier transform ¥-14Sc} of
$G is in D(R™), then F-1G} € D(R™).

Let the distribution S € &'(R?) satisfy the condition (I) and let the inverse
Fourier transform ® of every irreducible factor O of its Fourier transform S, such
that N(@) £ &, be in €. Therefore it can be written in the form of (3.4), i.e.

4.2) S5, . n (5,17
1<j<r
with some integers 7> 1, i >1,j=1,.--,7, where S]. € € and invertible with the
N(S ) distinct from each other
For each & € N(S), there are integers pg, 1 < py <7 and 1<, < ce<iy S

such that

£ €N, ., = N NG,

Uy 1<i<n,

and £ ¢ NGS)) if i#iy,-+-,i, . Since S; € €, by Theorem 1.1 (i.e. the Implicit
of &, such that afi‘(g)/af,,;é 0
)

on Ufo ;» With some integer v = V(i].), 1 <v < n, and there is a C*-diffeomorphism
o1
t=HE): t,= Sl.j(f), t, = .fl., i # v such that #£) maps Ufo-ij onto a neighbor-

hood of #(£) and whose inverse mapping is &= £(2): ¢, (2) € C* locally and &' =
t'. For any ¢ € C*(R™), we can define on Ugo.is
vij

Mapping Theorem), there is a neighborhood U ¢

0015

b Y] .
D1]¢(§) = Dlv(ﬁ(tl, M ] tv-l’ fv(t), t'l/‘l'l, ’ tn) z=l(§)

Then on Ufo = nISiS“o Ug 0+45"

b
D71 ... D 0g()
1

Ho
is meaningful. Now we mention the criterion below.

Theorem 4.3. Let the inverse Fourier transform S of each irreducible factor
§  j=0,-++,7,0f § such that NS ) £ & be muertzble The necessary and suffi-
czent conditions for the existence o/ a solution 4 in D(R™) to the convolution
equation (4.1) are the following:

For each fo € N(§), with the corresponding integers p: 1 < pu<r, izl<i)<

< iﬂg r and neighborbood Ufo’ on Ufoﬂ N,

cee Ly,

i
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b b
D#...D FrilE) =0
M 1

with OSb#<sﬂ, OSbJ.SSi, 1<j<pu.

Proof. The arguments for the necessity are the same as the corresponding part in
the proof of the criterion in [3]. Next, we assume the conditions. Consider the
equation (4.1) with § = §,. Taking the Fourier transform, we have §1 ‘u= f, fe
D(r™). By the arguments in [3] with the Tréves’ Theorem replaced by Theorem 4.1,
we see that the function fl(z) = f(z)/fl(z) is an entire function on C”. Since then
F-483=F"471=7€DR" and S, is invertible, Theorem 4.2 yields f, =
¥- I{fli € D(R™). On the other hand, S, */, = /. It is seen that f, satisfies the con-
ditions with 7, replaced by 7, — 1. Repeating the above argument, just similar to
the proof in [3], we have some z € D(R™) which is a solution of the equation (4.1).
This completes the proof.

As an application of the criterion, we answer the question raised at the begin-

ning of this section.

Theorem 4.4 Let S be the distribution in Theorem 4.3. If u € C(R") is a solu-

tion of the convolution equation (4.1) such that when x — oo
(4.3) ulx) = o(|x|~%), d>n-1)/2,
then u € D(R™).

Corollary. With S = P(D) *8, & being the Dirac-measure in R®, the solution u
of the partial differential equation P(D)u = {, { € D(R™), is in D(R™) if u € C(R™)

and satisfies the condition (4.3) when x — oo,

Indeed, the corollary follows from the theorem directly since it is easily checked
that a polynomial is slowly decreasing. With Theorem 3.2 and the criterion replac-
ing the corresponding theorems in the proof of Theorem 6.1 in [3] we have the proof
of the theorem.

Remark. The corresponding assertions in [3] or in [20] are subsequences of the
corollary.

Before the end of this paper, we want to recall

Theorem 4.5 (Lars Hormander [17]). Assume that S € &'(R") is not invertible.
To every compact set K in R™ with interior points one can then find a continuous
function ¢ with support in K such that S *¢ € C:’;(Rn) but ¢ is not in Cl.

This implies that the assumption, i.e. the inverse Fourier transform S]. of each
irreducible factor S. of § is invertible, of Theorem 4.4 is sufficient. For [ =5 *¢
€ D(R™). But Theorem 4.4 yields ¢ € D(R™). This contradicts ¢ ¢ CL.
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5. Appemlix. For S € @k’ let p be a smooth densit)i function with bounded
support on N(S) such that the set N, of points p on N(§) Nsupp p, at which there
are exactly k nonzero principal curvatures of N(S), is not empty. Denote by Qk the
unit (outward) normals R(p) of N(E) at p €N,.

For a given unit vector @ which is not orthogonal to all vectors in Qk, say
R(p) for some p € N, (under the rotation we can assume that @ = (0,---,0, 1),
there is a neighborhood U of p of which each point can be expressed by

E= €€, 0) with €' =€, -n &, )

where fn(tf', 0) is an analytic function of &'. By Taylor’s formula, we have
£, 0 =£,(p) + gradyr £,0) - €' + g £, + OEL).

Since 0 = §(€a, fn(fl’ 0)), for j=l,eee,n—1, afn(p)/af] = - E’(p)/fn(p), where
$(&) =350/, 1=1,---,m,

n—1
' 1 >
(5.1) £(&E,0=£ (p) - X ,Z; S0, + Da, £+ 0%
Denoted by
n—1
(5.2) JEN=E &, 0-¢ (p) + Sk
) ,; e

Then by a Morse Lemma, with s, at the direction of the jth nonzero principal curva-
ture of N(S) at p and suitable choice of coordinates 7 = (s, t), s = (Sl’ e, Sk)’

t = (nk+1"”’7]n—l)’

k
(5.3) [E@) = 3 A )s?

j=1

and the Jacobian J(£, n) of the transform € — 7 is 1 at p. On a sufficiently small
neighborhood, say U of p, |J(, n)| > ¥. Let ¢ € CJ(U) be with support in
{€=E&s, 1) €U, |t] <€ for some number €> 0. Since principal curvatures are con-
tinuous, we can assume that on U the nonzero principal curvatures do not vanish
and do not change sign. Then we set d* to be the numbers of positive and nega-
tive principal curvatures of N(5) on U, respectively, and let K, (1) be the product

of the % principal curvatures. Then we have the following approximation.

Lemma 5.1. For x = |x|w approaching infinity,
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Jeg, = uO8@ 8@
- (Zgam) M (1 = 99 explilx|€ (o)

n—1 ~
f| l<e yl(t)exp{ ilx| z Sj(p)f,.(o, t)} dt

5.4

([7) j=1

+ O(|x|‘("+1)/2)

where dS is the area element on the manifold N(;) and
(5.5) p, () = W], 77)‘5‘:(0 " |K, (0, 2)| 1/2,

Proof. By the assumption, x- & = |:vc|'§,"',,7 and then, following from the formulas
(5.1), (5.2) and (5.3), we have

n-1 k
5.6) x-€= lxl{«f (p) - 3,() 's',.(p)f,&s, 0+ E)\j(t)s’.z}.

i=1

Hence the integral in the left-hand side of (5.4) can be written as follows:

Juzy @ EMOBE) dS(@) = exp Lil=I€, (o) f W), D,

where

k
¥(|x|, 8) = fs exp {ilx\ Z )\j(t)s’?} Y(s, t)ds
1

with

n—1
W, 0= lOSOIE M|, ex [;’(';“ 3 Sk, z)]

For each fixed ¢, by the arguments in W. Littman [19] and [20] for the case of non-
zero Gaussian curvature, when |x| — oo,

¥(o, 1)

_\k/2 ndt v
‘l’(]x|,t)=(g-lxl l) 1+ Q-4 W

O(|X|" (k+1)/2).

Therefore we have the assertion of the theorem.
For the various directions @ of x = |x|w near R(p) € Q,, we have the follow-
ing approximations at infinity with support near p.
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Corollary 5.1. For w in the direction of R(p),

6.7 ppl (|x|w) = c(p)|x| =%/ 2eilxl@t 4 o= *+1)/2)  when |x| — oo,

Indeed, w in the direction of N(p) yields fj(p) =0, j=1,-++,n — 1, in the
left-hand side of the formula (5.4). Hence the integrand is independent of |x| and
then we have the assertion by (5.5) implying

@ = ()" Ta-at. fltlfeyl(z)dt.

Corollary 5.2. For w far away from the direction of R(p) but not orthogonal to
@),

(5.8) {udl " (|x|0) = O(|x|=9)  when |%] — o0

for any number d > 0.

Indeed, since w is not orthogonal to m(p) s L) £0 in  (5.4) and, since © is
not in the direction of W(p), there isa j, j=1,-+-,m =1, § (p) # 0. The integra-
tion by parts in the integral of the right-hand side of (5.4) gives the assertion.

Theorem 5.1. Fora S € (S and density function p with compact support on
N(S) and Q, £ 2,

(5.9) i (x) = 0(|x|=%/2)  when x — o,
uniformly in the direction.

Proof. For the result in (5.10) consider first that the unit vector w is orthogo-
nal to Q,. We claim that, for some b > (k + 1)/2,

(5-10) 1" (x]w) = O(lx| %) when |x| —» .

Indeed, for convenience we assume ® = (0,--+,0, 1). If @ € Q, for some d> &,
for each p € N, with ®p) = w, Corollaries 5.1 and 5.2 imply that [ug] (|x|w) sat-
isfies (5.1) where supp ¢ is contained in a small neighborhood of p. Next if w is
orthogonal to Q, for all d =k,---,n — 1, it is impossible that S (f) =0 for all
j#n (and then S (f) # 0 by condition (ii)), since = (0,---,0, 1) is perpendicular
to all R(E) = grad S(f)/|grad S(&)]. Hence there is j, 1<j<n — 1, say j=1 for
p € N(P), such that s 1(p) £ 0. Choosing ¢ € C%(R™) with support near p on which
IS (£)] > %, we have, by Theorem 1.1,

1™l = Sy 0 o 5[#¢>](«f)d$(§)
S, exoliteig) 22 60, €, £18" = ollxt=) when 1s] = =

1
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for any v > 0. Hence the compactness of supp p and the partition of unity yield the
claim of (5.10).

From this and Corollary 5.2, it suffices to consider the direction w € (,. For
a point p € N, with Np) = w, Lemma 5.1 implies the existence of ¢ with support
in a small neighborhood of p such that (5.7) holds. By Nk compact, there is a
finite number of points b; and functions ¢ whxch form the partition of unity with
respect to N and satlsfy (5.7) with ¢ = qS atoat (p ), p= b, and c(p) = c(p ).
Let ¢ € C”(R”) 0<¢,<1 and {¢,, b, } form a partition of umty correspondmg
to supp . Smce &), & € supp &, is far away from o, {pe }” satisfies (5.8) with
R(£) either perpendicular, or not, to ®, by the last claim or Corollary 5.2. There-

fore we have, when |x| — oo,
- 7 e-1)*? ; ~(k+1)/2
p (x| = (5 | x| ) Z cp,) explilx|w-p} + O(|x] ).
i
This ends the proof of the theorem.
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